ABSTRACT The synchronization of chaotic real systems or chaotic complex systems has been extensively discussed in previously conducted studies. However, much is not known regarding the synchronization between complex drive systems and real response systems. This study investigates a novel modulus synchronization between a hyperchaotic real system and its corresponding complex system. The systems are designed and their dynamical properties including invariance, dissipation, equilibria, Lyapunov exponents and the spectrum of them, as well as hyperchaotic attractors are analyzed in detail. Moreover, the adaptive controller is also developed based on Lyapunov stability theory. Furthermore, the numerical simulation experiments verify the effectiveness of our idea.
I. INTRODUCTION
Pecora and Carroll are among the pioneers that studied chaos synchronization in 1990 [1] . The trajectory of a chaotic real system is unpredictable due to the extreme sensitivity of its initial value. While the trajectories of two or more chaotic systems can become consistent through chaotic synchronization. This interesting phenomenon has attracted much attention to chaos synchronization. In [2] , Pikovsky et al. obtained phase synchronization by extending the notion of phase locking to chaotic oscillators. Xu et al. dicussed projective synchronization, in which the state vectors synchronize up to a scaling factor [3] . In [4] , Yang presented a rigorous mathematical analysis for characterizing synchronization phenomena and called it generalized synchronization. In addition, dual synchronization for two different pairs of chaotic oscillators has been introduced in [5] . Based on pinning control strategies, Wang et al. realized robust synchronization of fractionalorder coupled neural networks [6] . By utilising the dynamics of the difference and the sum of the relevant variables in coupled chaotic oscillators, anti-synchronization was proposed in [7] .
Recently, it is known that the chaotic systems involving complex variables exist in many physical cases, such as
The associate editor coordinating the review of this article and approving it for publication was Yan-Jun Liu. detuned lasers, rotating fluids, electronic circuits and particle beam dynamics in high energy accelerators. By the motivation of the synchronization of chaotic real systems, the synchronization of chaotic complex systems has been a subject of increasing research interest. Mahmoud et al. studied complex complete synchronization, modified projective synchronization and lag synchronization [8] - [12] . By combining the fractional order compare theorem and fractional order stability theory, Pei et al. reported the synchronization of fractional-order nonlinearly coupled complex networks [13] . Moreover, Sun et al. investigated combination complex synchronization [14] and compound synchronization [15] . Based on the linear feedback control, the synchronization for a class of fully complex-valued networks with coupling delay was introduced in [16] , [17] . Besides, boundary control was applied to achieve finite time synchronization for reactive diffusion complex networks in [18] . Liu et al. studied anti-synchronization and complex modified hybrid projective synchronization [19] - [21] . In addition, some researchers have intensively explored the synchronization for real drive systems and complex response systems, including modified function projective synchronization, antisynchronization and complex modified hybrid projective synchronization [21] - [23] .
The mentioned synchronization has been obtained for real drive systems and real response systems, or complex drive systems and complex response systems, or real drive systems and complex response systems. It is a meaningful and interesting problem to design synchronization for a complex drive system and a real response system. As far as we know, this idea is yet to be introduced. This type of synchronization is more attractive and challenging.
The modulus of a complex system variable is a very important character, and the study of the synchronization of a modulus is beneficial because of its application, such as secure communication [24] , [25] . In this paper, a novel synchronization type called modulus synchronization is proposed and discussed. By applying Lyapunov stability theory, the adaptive controller is designed to achieve synchronization between a complex drive system and a real response system. Besides, by observing that a chaotic system with at least two positive Lyapunov exponents, also known as a hyperchaotic system, will have more complex dynamics [26] - [28] , it is inferred that the synchronization of hyperchaotic systems has an extensive application [29] - [31] . Thus, we investigate a hyperchaotic real system and its corresponding complex system, which are then applied to modulus synchronization. Herein, the numerical simulation experiments are presented to verify the effectiveness of our idea. When compared with the existing works, it is significant for forming a close relationship between complex chaos and real chaos. The proposed modulus synchronization between the hyperchaotic complex systems and the hyperchaotic real systems can provide a new choice for secure communication and engineering science.
The rest of this paper is organised as follows. Section II presents the principle of modulus synchronization between a complex drive system and a real response system. In Section III, a novel hyperchaotic real system and its corresponding complex system are designed, and their dynamical properties including invariance, dissipation, equilibria, Lyapunov exponents and the spectrum of them, as well as hyperchaotic attractors are analyzed in detail. Then, we demonstrate an example of modulus synchronization between the above systems in Section IV. Finally, conclusions are presented in Section V.
II. MODULUS SYNCHRONIZATION
This section investigates the principle of modulus synchronization.
A complex drive system can be described as follows:
where x = (x 1 , x 2 , · · · , x n ) T denotes a state vector. We remark that x can be presented as x = x r + jx i , with
an n × n matrix function, an n × 1 continuous vector function and an n × 1 real parameters vector, respectively.
The real response system has the same equation as the complex drive system given bẏ
where
T denote a state vector and the controller to be designed, respectively. Definition 1: For the complex drive system and real response system described using equations (1) and (2), our goal is to synchronize the trajectory of |x| with that of y, so that
where · denotes the Euclidean norm, and | · | denotes the modulus of a complex variable.
Remark 1:
If (x r , x i ) = (0, 0), then the error defined in equation (3) can be further rewritten as follows:
From equation (4), we obtain the error dynamical system aṡ
Thus, the synchronization can be achieved by constructing a suitable controller v. (6) In fact, the synchronization for a complex drive system and a real response system can be turned into an absolute value synchronization problem of real systems. In this way, this can be interpreted as amplitude synchronization.
Remark 3: If (x r , x i ) = (0, 0), then equation (4) can be rewritten as follows:
Therefore, the error dynamics system (5) is no longer applicable. Different from the existing synchronization, the proposed modulus synchronization is continuous but not differentiable at (0, 0). In this case, when (x r , x i ) = (0, 0), we have that y = 0. Consequently, the achievement of synchronization is not dependent on the controller v in equation (2) . Theorem 1: If (x r , x i ) = (0, 0) and the adaptive controller is chosen as
then modulus synchronization will be achieved, where k > 0 denotes a real constant. Proof: By substituting equation (8) into equation (5), we have thatė
We construct the following Lyapunov function:
It is easily known that V (t) ≥ 0, and the time derivative of V (t) is given bẏ
V (t) is clearly negative semi-definite. Thus, there exists e ∈ L ∞ . Based on system (5), we getė ∈ L ∞ . By applying equation (11), we compute as follows:
where V (0) denotes the initial value of equation (10), so that e ∈ L 2 . Based on the Barbalat's lemma, we get e → 0 as t → ∞, i.e.
lim t→∞ e(t) = 0.
Therefore, system (5) is asymptotically stable. This implies that modulus synchronization between the complex drive system (1) and the real response system (2) is achieved. This completes the proof.
III. A NOVEL HYPERCHAOTIC REAL SYSTEM WITH ITS CORRESPONDING COMPLEX SYSTEM AND THEIR DYNAMICAL PROPERTIES
In this section, we design a novel hyperchaotic real system and its corresponding complex system. The hyperchaotic real system is given by the following:
where a, b, c and d denote real constants, while ξ 1 , ξ 2 , ξ 3 and ξ 4 denote real variables. The dots denote the derivatives with respect to time t. The corresponding hyperchaotic complex system is given by
where η 1 = u 1 + ju 2 , η 2 = u 3 + ju 4 , η 3 = u 5 and η 4 = u 6 +ju 7 denote complex variables, and j = √ −1. The overbar represents the complex conjugate of the variables.
The real version of system (15) is given as follows:
We completely analyse the dynamical properties of systems (14) and (16) as follows.
A. INVARIANCE
1) Invariance of System (14)
By considering the transformation (ξ 1 , ξ 2 , ξ 3 , ξ 4 ) −→ (−ξ 1 , −ξ 2 , −ξ 3 , −ξ 4 ), we have that system (14) is not symmetric about any coordinate axis. 2) Invariance of System (16) By considering the transformation (u 1 , u 2 , u 3 , u 4 , u 5 ,
, then system (16) is symmetric about the u 5 -axis.
B. DISSIPATION

1) Dissipation of System (14)
The divergence of system (14) is given by
As long as
then system (14) is dissipative.
2) Dissipation of System (16)
The divergence of system (16) is given as follows:
then system (16) is dissipative.
C. EQUILIBRIA
1) Equilibria of System (14)
The equilibria of system (14) can be calculated by solving the following equations:ξ i = 0, where i = 1, 2, · · · , 4. We obtain one equilibrium as follows: E 0 = (0, 0, 0, 0). The parameters of system (14) are chosen as follows: a = 20, b = 4, c = 32 and d = 3. In addition, the eigenvalues of system (14) at E 0 are as follows:
.54, λ 2 = 0.46, λ 3 = −4 and λ 4 = −32. Therefore, E 0 is an unstable equilibrium point due to the presence of positive eigenvalues λ 1 and λ 2 .
2) Equilibria of System (16)
The equilibria of system (16) can be calculated by solving the following equations:u i = 0, where i = 1, 2, · · · , 7. We get one equilibrium as follows: E 1 = (0, 0, 0, 0, 0, 0, 0). The eigenvalues of system (16) 
D. LYAPUNOV EXPONENTS AND LYAPUNOV EXPONENT SPECTRUM
1) Lyapunov Exponents and Lyapunov Exponent Spectrum of System (14)
The vector notation of system (14) can be given bẏ
and (· · · ) T denotes transpose. The linearised equations describing small deviations δξ (t) from the trajectory ξ (t) are
where T = ∂H ∂ξ denotes the following Jacobian matrix:
Thus, the Lyapunov exponents of system (14) are given by
For the choice of a = 20, b = 4, c = 32 and d = 3, we numerically calculate LE i (i = 1, · · · , 4) of system (14), including LE 1 = 2.4388, LE 2 = 0.1383, LE 3 = 0 and LE 4 = −18.2347. It means that system (14) is hyperchaotic due to the presence of the following two positive Lyapunov exponents LE 1 and LE 2 . Fig. 1 (14).
FIGURE 2.
Lyapunov exponent spectrum of system (16) .
that system (16) is hyperchaotic due to the presence of the following two positive Lyapunov exponents LE 1 and LE 2 . Fig. 2 depicts the changes of the Lyapunov exponent spectrum for d ∈ [0, 10]. Here, we note that
E. HYPERCHAOTIC ATTRACTORS
1) Hyperchaotic Attractors of System (14)
For the choice of ξ 1 (0) = 11, ξ 2 (0) = 10, ξ 3 (0) = 9 and ξ 4 (0) = 10, the simulation results demonstrate that system (14) is hyperchaotic. The hyperchaotic attractors are demonstrated in Fig. 3(a) , 3(b), 3(c) and 3(d) for the ξ 1 -ξ 2 , ξ 1 -ξ 4 , ξ 2 -ξ 1 -ξ 4 and ξ 3 -ξ 2 -ξ 1 planes, respectively. 2) Hyperchaotic Attractors of System (16) For the choice of u 1 (0) = 10, u 2 (0) = 10, u 3 (0) = 10, u 4 (0) = 10, u 5 (0) = 10, u 6 (0) = 10 and u 7 (0) = 10, our simulation results demonstrate that system (16) is hyperchaotic. The hyperchaotic attractors are illustrated in Fig. 4(a) , 4(b), 4(c) and 4(d) for the u 1 -u 3 , u 1 -u 6 , u 3 -u 1 -u 7 and u 5 -u 3 -u 1 planes, respectively. 
IV. AN EXAMPLE OF MODULUS SYNCHRONIZATION
This section demonstrates the validity of modulus synchronization between the complex drive systems and the real response systems. The drive system is denoted with the complex variable x, which can be described as follows:
where x = (x 1 , x 2 , x 3 , x 4 ) T and θ = (a, b, c, d ) T denote the state vector and the parameter vector, respectively. Based on the definition x = x r + jx i and j = √ −1, equation (25) is further redesigned as
T denote the state vectors of systems (26) and (27), respectively. Then, we denote the response system with the real variable y, which can be described as follows:
where y = (y 1 , y 2 , y 3 , y 4 ) T denotes the state vector of response system (28) , and v = (v 1 , v 2 , v 3 , v 4 ) T denotes the controller.
The drive and response system models, which were proposed in Section II, demonstrate that F(x), f (x), F(y), f (y), θ and v can be given as follows: 
Definition 1 indicates that the error can be defined as follows:
Remark 4:
, the error in equation (29) will be transformed into e 1 = y 1 , or e 2 = y 2 , or e 3 = y 3 , or e 4 = y 4 , respectively. Based on Remark 3, we separately obtain that y 1 = 0, or y 2 = 0, or y 3 = 0, or y 4 = 0, without depending on the controller to achieve synchronization. Theorem 1 illustrates that the controller is (for the case of (x r l , x i m ) = (0, 0), where l = 1, 2, 3, 4 and m = 1, 2, 4) (25) can synchronize with the response system (28). Fig. 6 indicates that the errors, e 1 , e 2 , e 3 , e 4 are finally stabilized to 0 as t → ∞, i.e. modulus synchronization between the drive system (25) and the response system (28) is achieved. Thus, numerical simulation results verify the effectiveness of the proposed modulus synchronization between the complex system (25) and the real system (28).
V. CONCLUSION
Recently, the synchronization of chaotic real systems or chaotic complex systems has been a subject of increasing research interest. Numerous researchers have extensively explored the synchronization for real drive systems and real response systems, or complex drive systems and complex response systems, or real drive systems and complex response systems. This paper firstly proposes modulus synchronization for a complex drive system and a real response system, which sets up a connection between chaotic complex systems and chaotic real systems. The only preprocess step is to decide whether the modulus of the drive system is zero. A new hyperchaotic real system and its corresponding complex system are considered to be the response system and the drive system. Based on Lyapunov stability theory, we design the controller and achieve modulus synchronization. This validates the effectiveness of our idea and thus motivates us to develop modulus synchronization, such as anti-modulus synchronization, protective modulus synchronization, generalized modulus synchronization and lag modulus synchronization. Moreover, the corresponding applications need to be investigated in secure communication and engineering science.
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